• A great variety of mathematical and physical models of the human arterial system has been introduced, since the start of investigations in this field, with the dual purpose of gaining a better quantitative understanding of arterial performance and deriving clinical information in cases that deviate from normal. They can basically be divided in two groups: the "windkessel" models, the main characteristic of which is the analogy with the air chamber as used in fire engines, and those dealing with the equations of oscillatory motion of fluid streaming through tubes, the transmission models. Whereas one of the main purposes of utilizing models in the past has been the derivation of stroke volume, it is generally felt nowadays that a model should be more sophisticated and should have counterparts of the essential hemodynamic quantities in the actual system such as pressure-flow relationships, reflection coefficients, pulse wave velocity, etc.
The "windkessel" models cannot be expected to do this because they lack, in their original concept, a representation of pulse wave velocity while subsequent attempts to introduce this quantity must be considered as unrealistic. One way of coming to some sort of simulation of the pulse wave, as it travels down the ar-terial tree, would be to put a great number of "windkessels" in series and this, in fact, leads to a crude transmission model.
Transmission models require division of the arteries into segments. Inserting the parameters of each segment into the equation of motion and the equation of continuity results in a relationship between pressure-gradient and flow on the one hand, and between flowgradient and pressure on the other. The form of an electrical delay line is determined by the same relationships, where voltage stands for pressure and current for flow. 7 
"
9 Therefore the construction of a passive electrical equivalent of the arterial system seems possible.
To arrive at such a model we have chosen to construct an electrical analog thus far limited to an equivalent of the left ventricle, the aortic valves, the systemic arterial tree, and the peripheral resistance, without regulatory mechanisms. Laminar oscillatory flow is assumed in all arteries. Although this is not entirely valid for all cases throughout the cardiac cycle, it may nevertheless be expected to give a reasonable approximation. In the arterial tree the 26 largest arteries are represented. This model makes it possible to do quantitative studies of the effects of different parameters on the performance of the system under well defined circumstances.
The construction of this analog has been described in some detail elsewhere.
9 Results of investigations on the transformation of the pressure pulse as it travels down the arteries, the pulse wave velocity, and the impedance of parts of the systemic tree, and of this tree as a whole, have also been presented. 
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which neither the interaction between inertia] and viscous phenomena (the so-called "sleeve effect") nor the non-Newtonian properties of blood were taken into account in the relationship between (pulsatile) pressure and flow. This paper will describe a way in which these two effects can be introduced into the delay line.
The Longitudinal Impedance of a Segment of Artery
The derivation of the electrical equivalent of the arterial tree is, in the usual way, based upon the analogy between the linearized Navier-Stokes equation and the equation of continuity on one hand and the telegraph equations on the other. 8 - 8 The first two read for a short segment of artery with constant cross-sectional area and homogeneous and isotropic wall material:
The analogous telegraph equations are:
(2) dz dp dt be an adequate approximation. For many arteries, however, this is not true, because of the pulsatile nature of blood flow, as will be shown below. In those arteries the interaction between viscous and inertial terms has to be taken into account, determining a velocity profile different from the two assumed above. This profile has been secured experimentally by Miiller 11 and was calculated by Womersley. 12 The flow impedance, derived from the equations of motion for this "sleeve effect," will now be brought into a suitable form from which a passive equivalent electrical network will be designed.
Womersley derived a mathematical expression for the relationship between flow Q and pressure gradient -^-for laminar oscillatory flow in an elastic tube. 12 He also showed that for the case in which the tube is stiffly constrained longitudinally and/or heavily loaded by surrounding mass, which is true in at least some of the major arteries, 18 The relationship between flow gradient and pressure reduces for this limiting case to equation 2.
10 From this follows that in the network of figure 1 the transverse impedance remains unchanged (C = dS/dp, varying for arteries of different stiffness), so that the sleeve effect 
L'(o) and R' (<*>) have been calculated using Womersley's tables 12 for M' i0 and e'loAlthough the existence of a simple passive electrical equivalent of Z' has been doubted, it proved to be possible to design one, as will continued fraction expansion can be applied, 17 which is different from the normal continued fraction expansion for -^-as known from the literature. 27 Contrary to the latter, the following expansion will allow an electrical translation. Introducing the notation In the extreme case that a is sufficiently small, so that R 2 + following elements may be omitted, the circuit of figure 5 reduces to L u R-i and L 2 in series, giving an impedance per length of:
<£-> m\(m + 2s-l)\

=-4^--
the resistor R' for large a, since R' is independent of frequency and proportional to r~*, whereas U is proportional to r~-. This is in agreement with the fact that in the computer in its present form satisfying results were obtained in the aorta (large a ) . range is obtained by using Ri, R 2 , fljf.i and L U L 2 , L N only. This accuracy can be attained with even fewer elements for the as we actually have to deal with in the circulatory system.
Calculations have been made therefore as to how many elements are required for each a in order to obtain an accuracy of 2% in modulus Z and render the error in phase Z less than 3 degrees. 18 The results are shown in figure 6 . Given the radius of an artery and having decided how many harmonics should be transmitted with this accuracy, figure 6 indicates l\ last element in long.imp.
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FIGURE 6
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Elements required in figure 5 to obtain a certain accuracy in the longitudinal impedance. See text.
the elements necessary to represent the longitudinal impedance of a segment of this artery.
Since L x and R x ( fig. 5 ) turn out to be equal to L and R in the network of figure 1 , the required network, representing the electrical analogy of laminar oscillatory flow impedance, only adds a corrective network to
Passive network representing electrical analogy of laminar oscillatory flow impedance in a straight circular tube. The corrective network, enclosed by broken lines, accounts for the sleeve effect.
the circuit as shown in figure 1 (fig. 7) . The number N follows for each artery from figure 6. The results for three such networks representing segments of the ascending aorta, the brachial artery, and the A. interossea volaris are plotted in figures 8 to 10, respectively. In each figure theoretical (calculated) and experimental (measured on the network) results are given both with and without sleeve effect, separately for modulus and phase angle.
The improvement resulting from accounting for the sleeve effect, which is in general already apparent in one segment, will accumulate in putting many segments in series, so that introduction of the sleeve effect throughout the delay line representing the arterial tree may be expected to give results much closer to reality.
Anomalous Viscosity of Blood
It has been known for a long time that blood is not a Newtonian fluid, but that the relation between applied hydrostatic pressuregradient and steady flow is not a linear one, owing to the fact that blood is a suspension. Many measurements have shown that the ap- 8 ). parent viscosity depends upon the rate of flow and upon the radius of the tube; in fact, with increasing rate of flow it decreases towards an asymptotic value, which itself varies with the radius. Three phenomena may be considered responsible for this: 1) cohesion of the red cells, 2) inclination of the red cells to move to the axis of the tube, and 3) orientation of the cells. 19 -21 This suggests that the rate of shear in blood is really the determining quantity for the apparent viscosity but it may, in addition, be dependent on the radius of the vessel. It appears that for low shear-stresses the apparent viscosity is almost independent of the radius and increases with decreasing stress, while for high shear-stresses it is almost independent of the stress and decreases with decreasing radius. 22 In several ways formulas can be derived to describe with some degree of accuracy the measured graphs of the apparent viscosity. Such formulas may be very useful in rheology. However, in the construction of an electrical analog of the arterial system the effects of the phenomena, described above, on the equations of motion of blood in the vessels, must be known in an explicit form. Calculations by a boundary layer of lower viscosity as a result of the tendency of red cells to move toward the axial region of the artery.
A. Theoretical and experimental values of the modulus of the longitudinal impedance with sleeve effect (ftilly drawn line and open circles, respectively) and without sleeve effect (broken line and blocks, respectively) of a segment of the brachial artery (segment 16a 8 ). B. Theoretical and experimental values of the phase of the longitudinal impedance with sleeve effect (fully drawn line and open circles, respectively) and without sleeve effect (broken line and blocks, respectively) of a segment of the brachial artery (segment 16a
In Womersley's equation the viscosity of blood was assumed to be constant and the longitudinal velocity of blood at the wall to be equal to that of the wall itself. Taylorworked out two modifications of this, namely: 1) the flow equation for the condition that there is a marginal layer of lower viscosity at the wall of the vessel, and 2) the flow equation for the case that the viscosity is constant but that the fluid slips at the wall. Because of the similarity in the resulting networks for these two conditions, both cases will be evaluated in this paper, starting with the latter.
Under the assumption of slippage at the wall Taylor's flow equation 22 reads:
where Ae>°' = --^-, : = -*-, y = coefficient ry of friction at the wall. It follows for longitudinal impedance in this case:
Taylor show that neglecting the shear-dependence of the viscosity in the arterial system as a whole introduces only a small error,
Taylor, disregarding leakage, also derived an expression for the wave velocity, which can easily be rewritten as:
because the effects on oscillatory and steady components of the flow tend to extinguish each other. 22 We decided therefore not to attempt a representation of this effect, but to restrict ourselves to the additional effect, occurring in small arteries: viz. generation of (15) From the relation Z ( Zr 1 = 5-it follows
so that the transverse impedance remains unchanged.
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ELECTRICAL ANALOG OF OSCILLATORY FLOW
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In order to obtain the electrical equivalent of the longitudinal impedance a logical approach is to isolate the term containing k: As no modification is required in the transverse impedance, the passive electrical network, representing the oscillatory flow impedance of a segment of artery, accounting for both the sleeve effect and slip at the wall, which is determined by the friction coefficient y, takes the form illustrated in figure 12 . To the capacitor C a resistor may be placed in parallel, to account for possible leakage, as was done in figure 7 . The values of the elements are:
n°-~S *~ 4k
Taylor also derived the flow equation for the case of a boundary layer of lower viscosity /x' and width Ar, now assuming perfect adherence of the fluid to the wall. 22 The longitudinal impedance per length Z', ia in this
imFrom this equation it can be seen easily that the electrical representation of Z^ is as shown in figure 11 . L t has the same value as in figure 7 , namely p/S. The negative pedance, -jcoLi, vanishes together with the first part of Z, (fig. 7) . Thus, Z (; , differs from Zj only by the presence of the resistor Ro, which is equal to " _ 2/* the inverse of the last term in the denominator in equation 16 . Applying the expression for the wave velocity, valid when assuming a plasmatic boundary layer, 24 it can be shown that the transverse impedance is unaffected, just as in the case of slippage. Therefore the electrical network representing the flow impedance is identical to that illustrated in figure 12 . Quite naturally, in the calculation of R' o , k should be replaced by e I ~ -1 1.
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•JUJL, -jcuL, FIGURE 11 Impedance schema for the longitudinal impedance as given in equations 14 and 16. The resistor R c is the correction for anomalous viscosity. Z, Is the longitudinal impedance of the network in figure 7 as given by equation 6a.
FIGURE 12
Electrical equivalent of the oscillatory flow impedance, including corrections for sleeve effect and slip at the wall or anomalous viscosity.
For the case of steady flow (a> = 0) the longitudinal impedance reduces to:
which agrees with the steady flow equation for both cases as given by Taylor.
The value of k to be inserted and determined by Ar and fi' in the case of a boundary layer or by y in the case of wall-slip presents a problem. As it seems, no reliable numerical data are available for either case. The second case, originally proposed by Isenberg 26 as an approximation of the first, may very well exist in reality, since Copley 26 demonstrated that the measured flow velocity also depends on the nature of the wall surface. Combination of both cases requires two resistors in parallel 24 instead of R' o , thus introducing a single corrective resistor, which then depends on diree unknown parameters: Ar, /x', and y.
The possibility of incorporating such effects in an electrical analog of the systemic arterial tree makes feasible a quantitative study of their influence on a large part of the arterial system.
Summary
In the analog computer for the human systemic circulatory system, the electrical equivalents of a segment of artery as designed up till now are not satisfactory, because they lack representation of the sleeve effect, which results from the interaction between viscous and inertial forces during pulsatile blood flow. First, a network which accounts for this effect was derived, starting out from entirely different equations. It was surprising to find that this does not alter the circuit completely, but only requires adding to the former circuit a corrective network which, however, may have considerable influence.
Second, the effect of the anomalous viscosity of blood was taken into account. Its influence on oscillatory flow has been investigated by Taylor, who derived an expression for the relation between pressure-gradient and flow under die assumption that there exists a small boundary layer of lower viscosity at the wall, and found a similar formula for the case in which die blood is assumed to slip at the wall. The modifications of the electrical circuit, necessary to represent these conditions, are given in diis paper and turn out to be remarkably simple.
